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1. Introduction
Recently a great deal of works have been done in deformation quantization theory.
Deformation quantization was originally proposed by Bayen et al.1 as an alternative to
the standard procedure of quantization avoiding the more dicult problem of constructing
the relevant Hilbert space of the system. In these pioneer works it was proposed a way of
quantizing a classical system by deforming the corresponding algebraic structures. Dier-
ent mathematical aspects of deformation quantization were also further explored. Among
them, the existence proofs of a star-product for any symplectic manifold2−4 and also for
a Poisson manifold5. The latter result has been motivated in part by string theory. A full
treatment of the interplay between string theory and deformation quantization and, more
generally, noncommutative geometry was given very recently by Seiberg and Witten6.
Deformation quantization was mainly applied to quantize classical mechanics. How-
ever, it seems to be very interesting to formulate quantum eld theory within defomation
quantization program. Recently some works on this subject have been done7−12.
Our paper is motivated by those works and we attempt to show systematically how all
the deformation quantization formalism (Stratonovich-Weyl quantizer, Grossmann opera-
tor, Weyl correspondence, Moyal star-product, Wigner function, etc.) can be carry over
to quantum eld theory. To this end we use the well known particle interpretation of free
elds. This approach in the case of scalar eld was rst considered by Dito7,8
In this interpretation many formulas seem to be more natural and in a sense the
deformation quantization in terms of particle interpretation justies the respective formulas
of the previous works9−12, given in eld variable language.
The paper is organized as follows: In Section 2 we consider deformation quantization
in scalar eld theory. Stratonovich-Weyl quantizer, Grossmann operator, Moyal -product
and Wigner functional are dened in terms of the eld variables. In Section 3, the same
is given for free scalar elds with the use of normal coordinates. Wigner functional of the
ground state is found and also Wigner functional for higher states is considered. Finally, the
normal ordering within deformation quantization program is given. Section 4 is devoted to
deformation quantization of free electromagnetic eld. The constraints (Gauss’s law) are
analysed in some detail. Perhaps the most interesting result is that the Wigner functional
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can be factorized so that one part contains only the transvese components of the eld and
the second part contains the longitudinal variables and this part vanishes when constraints
are not satised.
This paper is the rst one of a series of papers which we are going to dedicate to
deformation quantization of classical elds. The next one deals with interacting and self-
interacting elds.
2. Deformation Quantization in Scalar Field Theory
Consider a real scalar eld on Minkowski space time of signature (+, +, +,−). Canon-
ical variables of this eld will be denoted by φ(x, t) and $(x, t) with (x, t) 2 R3  R. We
deal with elds at the moment t = 0 and we put φ(x, 0)  φ(x) and $(x, 0)  $(x).
2.1. The Stratonovich-Weyl Quantizer
Let F [φ, $] be a functional on the phase space Z and let eF [λ, µ] be its Fourier trans-
form
eF [λ, µ] = Z DφD$exp− i Z dxλ(x)φ(x) + µ(x)$(x)F [φ, $]. (2.1)
The functional measures are given by Dφ = Qx dφ(x),D$ = Qx d$(x). By analogy
to quantum mechanics13 we dene the Weyl quantization rule as follows






) eF [λ, µ]U^ [λ, µ], (2.2)
where fU^ [λ, µ] : (λ, µ) 2 Zg is a family of unitary operators









with $^ and φ^ being the eld operators
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φ^(x)jφi = φ(x)jφi and $^(x)j$i = $(x)j$i. (2.4)
Using the well known Campbell-Baker-Hausdor formula
exp(X^)exp(Y^ ) = exp

X^ + Y^ +
1
2
[X^, Y^ ] +
1
12
([X^, [X^, Y^ ]] + [[X^, Y^ ], Y^ ]) + . . .

(2.5)
and the standard commutation rules
[φ^(x), $^(y)] = ihδ(x− y),
[φ^(x), φ^(y)] = 0, [$^(x), $^(y)] = 0, (2.6)
one can write U^ [λ, µ] in the following form



























































jφi = jφ− hµi. (2.9)
Consequently
















































(λ− λ0)]δ[µ− µ0]. (2.12)
(Compare with Refs. 14 and 15).





)F [φ, $]Ω^[φ, $], (2.13)













U^ [λ, µ]. (2.14)
It is evident that the operator Ω^ dened by (2.14) is the quantum eld analog of
the well known Stratonovich-Weyl quantizer playing an important role in deformation
quantization of classical mechanics16−21. Therefore we call our Ω^ the Stratonovich-Weyl






















Multipliying (2.13) by Ω^[φ, $], taking the trace of both sides and using (2.17) we get
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Using (2.20) we can dene the eld analog of the Grossmann operator22,14,15 as follows




























Comparing (2.19) with (2.21) one quickly nds that
















Ω^[0, 0] = 2I^ (2.23)
and consequently








Simple manipulations show that (2.24) can be also written in the following form
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It is interesting to note that similarly as in the quantum mechanics22 one can nd
the relation between the Stratonovich-Weyl quantizer and the quantum eld image of the















]Ω^[φ, $] = Ω^[0, 0] = 2I^ . (2.26)
2.2. The Star-Product
Now we are in a position to dene the Moyal -product in eld theory. Let
F1 = F1[φ, $] and F2 = F2[φ, $] be some functionals on Z that correspond to the









. The question is to nd the functional which cor-
responds to the product F^1F^2. This functional will be denoted by (F1  F2)[φ, $] and we
call it the Moyal -product23,1.
So we have





Substituting (2.13) into (2.27) and performing simple calculations one gets



















To proceed further we introduce new variables ϕ0 = φ0 − φ, ϕ00 = φ00 − φ, υ0 =
$0 − $, υ00 = $00 − $ and we expand F1[φ0, $0] = F1[φ + ϕ0, $ + υ0] and F2[φ00, $00] =
F2[φ + ϕ00, $ + υ00] in Taylor series















υ0(x1) . . . υ0(xn1)ϕ











F [φ, $]. (2.29)
Employing (2.29), by some laborious manipulations (in principle very similar to the




































































dx1 . . . dxlω
i1j1 . . . ωiljl
 
δl
δZi1(x1) . . . δZil(xl)
!
δl
δZj1(x1) . . . δZjl(xl)
, i1, . . . , j1, . . . = 1, 2 (2.32)





and the overarrow indicates direction of
action of the corresponding operator.
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2.3. The Wigner Functional
Finally we are going to dene the Wigner functional. Let ρ^ be the density operator
of a quantum state. The functional ρ[φ, $] corresponding to ρ^ reads (see (2.18))


















Then in analogy to quantum mechanics [24,25,26] the Wigner functional ρ
W
[φ, $]







































according to Ref. 12.
3. Free Scalar Field
In this section we deal with free real scalar eld of the action27−29
S[φ] =
Z




dxdt(∂µφ∂µφ−m2φ2), µ = 1, . . . , 4 (3.1)





= _φ(x, t), _φ  ∂φ
∂t
. (3.2)







$(x, t)2 + (rφ(x, t))2 + m2φ(x, t)2

. (3.3)
The eld φ(x, t) satises the Klein-Gordon equation
(∂µ∂µ −m2)φ(x, t) = 0. (3.4)
For φ(x, t) and $(x, t) we have the usual Poisson brackets
fφ(x, t), $(y, t)g= δ(x− y),
fφ(x, t), φ(y, t)g = 0 = f$(x, t), $(y, t)g. (3.5)





















a(k, t)expfikxg+ a(k, t)expf−ikxg

,















k2 + m2 and a(k, t) = a(k)exp
− iω(k)t}.






− ikx}ω(k)φ(x, t) + i$(x, t). (3.7)
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One can easily check that (3.5) and (3.7) give
fa(k, t), a(k0, t)g = − i
h
δ(k − k0),
fa(k, t), a(k0, t)g = 0 = fa(k, t), a(k0, t)g. (3.8)
3.1. Canonical Transformation





a(k, t) + a(k, t)

,


















From (3.8) and (3.9) one has
fQ(k, t), P (k0, t)g = δ(k − k0),
fQ(k, t), Q(k0, t)g = 0 = fP (k, t), P (k0, t)g. (3.11)







$(x, t)sin(kx) + ω(k)φ(x, t)cos(kx)

,




























ω(k)Q(k, t)sin(kx) + P (k, t)cos(kx)

. (3.13)
We now consider the eld at the moment t = 0. From (3.11) it follows that (3.12)
denes a linear canonical transformation. Consequently the measure DφD$ = DQDP
and all the formalism given before can be easily expressed in terms of new variables Q and
P .
3.2. The Stratonovich-Weyl Quantizer





)F [φ[Q, P ], $[Q, P ]]Ω^[φ[Q, P ], $[Q, P ]] (3.14)
and


















λ(k)Q^(k) + µ(k)P^ (k)

(3.15)
with Q^ and P^ being the eld operators
Q^(k)jQi = Q(k)jQi, P^ (k)jP i = P (k)jP i,
Z




)jP ihP j = 1^. (3.16)
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Further on we denote the Stratonovich-Weyl quantizer Ω^[φ[Q, P ], $[Q, P ]] simply by
Ω^[Q, P ]. Then






























Now in the (Q, P ) formalism Eq. (2.17) reads
Tr

Ω^[Q, P ]Ω^[Q0, P 0]





It is evident how to write the Grossmann opertor within the (Q, P ) formalism, so we
do not consider this here.
3.3. Star-Product and Wigner Functional































Finally, the Wigner functional in the (Q, P ) formalism is given by
ρ
W


















[Q, P ] means ρ
W
[φ[Q, P ], $[Q, P ]]. Then for ρ^ = jΨihΨj one has
ρ
W


















We are going to nd the Wigner functional for the ground state jΨ0i. From the very
denition of jΨ0i
a^(k)jΨ0i = 0. (3.22)


















Finally, inserting (3.24) into (3.21) and performing some straightforward calculations
one nds the Wigner functional ρ
W0 of the ground state to be
ρ








P 2(k) + ω2(k)Q2(k)

. (3.25)
Employing (3.12) we obtain the Wigner functional of the ground state in terms of
(φ, $)
ρ


















according to Ref. 12.
Comparing the Wigner functional (3.25) with the harmonic oscillator Wigner function
given in Refs. 26, 32 and 33 we conclude that the former one represents the Wigner function
of innite number of harmonic oscillators. It’s nothing strange as the variables Q and P
are the eld theoretical analogs of normal coordinates and their conjugate momenta.
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3.4. Oscillator Variables and Ordering
Now one can easily nd the Wigner functionals corresponding to higher states. Let
j . . . k0 . . . k00 . . . k(n) . . .i = . . . a^†(k0) . . . a^†(k00) . . . a^†(k(n)) . . . jΨ0i be the higher quantum
state of the scalar eld. The density operator ρ^ reads
ρ^(...k′...k′′...k(n)...) / . . . a^
†
(k0) . . . a^
†
(k00) . . . a^
†
(k(n)) . . . jΨ0ihΨ0j . . . a^(k(n)) . . . a^(k00) . . . a^(k0) . . .
(3.27)
with a^(k) and a^
†
(k) being the annihilation and creation operators, respectively. Hence the
corresponding Wigner functional is
ρ
W (...k′...k′′...k(n)...)
[a, a] / . . .a(k0) . . .a(k00) . . .a(kn) . . .ρ
W0 [a, a
] . . .a(kn)
. . .  a(k00)  . . .  a(k0)  . . . , (3.28)







































Consequently, any -product of a’s or a’s can be rewritten as usual product of func-




/ . . . a(k0) . . . a(k00) . . . a(k(n)) . . .ρ
W0 [a, a
] . . . a(k(n)) . . . a(k00) . . . a(k0) . . . . (3.31)
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An interesting question arises if we are able to dene the normal ordering within
deformation quantization formalism for eld theory. Indeed it can be easily done by a
suitable generalization of the results by Agarwal and Wolf34 (see also Ref. 26). Let
F [Q, P ] be a functional over Z. Dene the functional FN [Q, P ] as follows



























Then the Weyl image of FN [Q, P ] gives the normal ordering of the Weyl image of
F [Q, P ]
: W [F [Q, P ]] :
df
= W [FN [Q, P ]]
df
= WN (F [Q, P ]) (3.33)
It is worthwhile to note some interesting property of normal ordering
W−1N





























and by the quantum version of Eq. (3.8) we get
16





































where δ(0) means here the Dirac delta in three dimensions.
The eigenvalue Schro¨dinger equation reads
HN  ρW = EρW . (3.38)
One immediately nds that the vacuum energy is zero i.e.,
HN  ρW0 = 0 (3.39)
as it should be.
3.5. Time Evolution






= fN^H[a, a], ρ
W
[a, a; t]gM, (3.40)
where f, gM stands for the Moyal bracket
fF1, F2gM = 1
ih
(










For the Hamiltonian given by (3.37), the Moyal bracket in (3.40) reduces to the Poisson






= fN^H[a, a], ρ
W
[a, a; t]g. (3.42)
This result within the (φ, $)-formalism has been found previously by Curtright and
Zachos12.
4. Free Electromagnetic Field
In this section we consider deformation quantization for free electromagnetic eld.
This case seems to be very interesting as it is the simplest example of a eld theory
with constraints. (For details see Refs. 27-31). We choose the temporal gauge where
the fourth (temporal) component of the gauge potential A4 = 0. Now the canonical
components are the potential A = (A1, A2, A3) and its conjugate momentum $ = _A =
−E = −(E1, E2, E3) with E being the electric eld27−31.
Fields A and E satisfy usual relations
fAi(x, t), Ej(y, t)g = −δijδ(x− y),
fAi(x, t), Aj(y, t)g = 0 = fEi(x, t), Ej(y, t)g, i, j = 1, 2, 3. (4.1)














+ aj (k, t)exp
(− ikx,












where ω(k) = jkj, aj(k, t) = aj(k)exp
− iω(k)t} and of course, as before, kx = kjxj







− ikx}ω(k)Aj(x, t)− iEj(x, t). (4.3)
Then by Eqs. (4.1) and (4.2) we have




fai(k, t), aj(k0, t)g = 0 = fai (k, t), aj(k0, t)g. (4.4)






aj (k, t) + aj(k, t)

,




aj (k, t)− aj(k, t)

,
fQi(k, t), Pj(k0, t)g = δijδ(k − k0),








ω(k)Aj(x, t)cos(kx)− Ej(x, t)sin(kx)

,
























ω(k)Qj(k, t)sin(kx) + Pj(k, t)cos(kx)

. (4.7)
In the standard way we can now split the eld objects into their transverse (T ) and
longitudinal (L) components. To this end we write aj in the following form
aj(k, t) = hjl(k)al(k, t) +
kjkl
jkj2 al(k, t), (4.8)
where hjl(k) is the projector on the space perpendicular to k i.e., hjl = δjl − kjkljkj2 . Intro-
ducing two polarization vectors e1(k) and e2(k) such that
eαi (k)e
α′
i (k) = δαα′ , kie
α
i (k) = 0, α, α
0 = 1, 2 (4.9)
one can write
eαi (k)aTα(k, t) := hij(k)aj(k, t) ) aTα(k, t) = eαj (k)aj(k, t) (4.10)
Dening also aL(k, t) :=
kj
jkjaj(k, t) we have
ai(k, t) = eαi (k)aTα(k, t) +
ki
jkjaL(k, t). (4.11)
One quickly shows that
faTα(k, t), aTα′(k0, t)g = −
i
h
δαα′δ(k − k0), faL(k, t), aL(k0, t)g = −
i
h
δ(k − k0), (4.12)
with all the remaining Poisson brackets being zero. Substituting (4.11) and (4.12) into
(4.5) we obtain the expressions for the T and L-components of Q and P . Then inserting























































































Note that in the last formula the longitudinal part depends on time and transversal
part is taken for t = 0. Now the constraint (the Gauss equation)
∂jEj(x, t) = 0, (4.15)
is equivalent to the following constraints
aL(k) = 0 () QL(k) = 0 and PL(k) = 0. (4.16)
Hence we see that by Gauss’s equation (4.15) every gauge invariant object of electro-
magnetic eld does’t depend on the longitudinal part. Note that the gauge transformation





expfikxg which of course doesn’t change Ej(x, t), rA(x, t), H,
etc.
21
4.1. The Stratonovich-Weyl Quantizer for the Electromagnetic Field
Consider now the Weyl quantization of electromagnetic eld. To this end we deal
with the elds at the moment t = 0. From the previous section one can conclude that
it is very useful to employ (P, Q) or a-formalisms. Let F = F [Q, P ] be a functional on
electromagnetic eld phase space ZE . Then according to the Weyl rule we assigne to the
functional F the following operator F^




)F [Q, P ]Ω^[Q, P ] (4.17)
with the Stratonovich-Weyl quantizer dened similarly as before


















λ(k)Q^(k) + µ(k)P^ (k)

, (4.18)
where λ(k)Q(k) := λTα(k)QTα(k)+λL(k)QL(k), etc. and all measures used in the integrals
contain the longitudinal (DQL) and the transverse (DQT ) components and Q^(k) and P^ (k)
are eld operators









, jQi = jQT i⊗ jQLi, jP i = jPT i ⊗ jPLi,
Z




)jP ihP j = 1^. (4.19)
The commutation relations for Q^ and P^ operators read
[Q^Tα(k), P^Tα′(k0)] = ihδαα′δ(k − k0), [Q^L(k), P^L(k0)] = ihδ(k − k0) (4.20)
and all remaining commutators are zero.
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Then by (4.5) the relation between Q^ and P^ operators and the annihilation and

























0)] = δαα′δ(k − k0), [a^L(k), a^†L(k0)] = δ(k − k0) (4.22)
with all remaining commutators being zero.
The Stratonovich-Weyl quantizer (4.18) can be rewritten as before in the form of
(3.17) and it has the standard properties analogous to (2.15), (2.16) and (2.17).
4.2. The Star-Product
From (4.17) we get





The Moyal -product in the case of electromagnetic eld theory can be dened in a
similar way as for the scalar eld. Let F1[Q, P ] and F2[Q, P ] the functionals on ZE and
let F^1 and F^2 be their corresponding operators. Then the analogous calculations as in Sec.



































































4.3. The Wigner Functional For The Electromagnetic Field
Now we are in a position to consider the quantum version of the Gauss law (4.15).
It is well known (see for example Ref. 29) that the operator equation ∂jE^j(x) = 0 is
inconsistent with commutation relations (4.1) or (4.20). To avoid this inconsistency one
imposes the weaker constraint on the \physical states"
∂jE^j(x)jΨphysi = 0. (4.25)
Inserting into (4.25) the operator version of (4.13) one quickly nds that the constraint






jΨphysi = 0 (4.26)
or in terms of Q^L and P^L





jΨphysi = 0. (4.27)
Therefore (see for example (4.13) and (4.14)) we conclude that for any gauge invariant
quantum observable only its transverse part is relevant when this observable acts on the
physical state.
The Wigner functional in the case of electromagnetic eld is dened similarly as for
the scalar eld. Let ρ^phys be the density operator of a physical quantum state of the
electromagnetic eld. Then the Wigner functional corresponding to this state is given by
ρ
W





















When ρ^phys = jΨphysihΨphysj then Eq. (4.28) gives
ρ
W
























[a, a] = 0 (4.30)
and 




  ρW [Q, P ] = 0, (4.31)
respectively. Employing the fact that Wigner functional is real, we can rewrite (4.31) as
follows










[Q, P ] = 0,











[Q, P ] = 0. (4.32)
Example: The Ground State






jΨphys0 i = 0,
a^T (k)jΨphys0 i = 0. (4.33)
In the Q representation the wave functional Ψphys0 [Q] can be factorized as Ψ
phys
0 [Q] =








0[QT ] = 0 (4.34)
and








χ0[QL] = 0. (4.35)









The solution of the L-part reads
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χ0[QL] / δ[QL(k) + QL(−k)], (4.37)
with δ[QL(k)+QL(−k)] being dened by δ[QL(k)+QL(−k)] :=
Q
k2K δ(QL(k)+QL(−k))
where K = fk 2 R3 : 0 2 K and 0 6= k 2 K ) −k 2 R3 −Kg.
Inserting (4.36) and (4.37) into (4.29), after some work one obtains the Wigner func-
tional ρ
W0 of the ground state
ρ













Comparing our form of ground state Wigner functional ρ
W0 with classical constraint
∂jEj(x, 0) = 0 one concludes that ρW0 vanishes on the points of phase space ZE which
don’t satisfy this constraint. It is an easy matter to show that ρ
W0 is gauge invariant.
Similarly as in the case of scalar eld we can nd the Wigner functional for any higher
state. To this end one must change in the formula (3.31) a and a by aTα and aTα.
It is evident that any Wigner functional (corresponding to the physical state, of
course) can be splitted into two parts, the transversal ρ
WT
[QT , PT ] and the longitudinal
ρ
WL
[QL, PL] / δ[QL(k) + QL(−k)]δ[PL(k)− PL(−k)].
This property leads to an important formula for the expected value of gauge invariant
observable within deformation quantization formalism. Let O^ be a gauge invariant quan-
tum observable and let ρ^phys be the density operator of the physical state. The action of O^
on ρ^phys is equivalent to the action of transversal part O^T of O^ on ρ^phys. Let OT [QT , PT ]
be the functional corresponding to O^T , OT [QT , PT ] = W−1
(O^T . Then for the expected





R DQTD( PT2pih¯)OT [QT , PT ]ρWT [QT , PT ]R DQTD( PT2pih¯)ρWT [QT , PT ] . (4.39)
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4.4. Ordering
Finally we can also dene the normal ordering of eld operators within deformation
quantization formalism. It can be done, as before, with the use of the operator N^T acting



























Let O[Q, P ] be any gauge invariant functional on ZE and O^ its Weyl image O^ =
W
(O[P, Q]. Then, as before





5. Topological Effects (Casimir Effect) in Deformation Quantization
In this section we are going to compute the vacuum expectation value of the energy
of a real scalar eld on the cylinder and on the Mo¨bius strip (twisted scalar eld) within
the deformation quantization formalism.
5.1. Scalar Field on the Cylinder
Consider a cylinder S1  R representing a two dimensional space time. Here S1 is
the spatial part and R is the temporal part. Local coordinates are as usual (x, t). S1
has circumference L, then k is quantized as k = 2piL n with n 2 Z and the frequency is
given by ω(k) =
p




n2 + m2. The Hamiltonian operator can be seen as









Now we would like to compute the vacuum expectation value hT^00i(L). In order to


















where jOLi and jO1i are the vacuum states for the two dimensional cylindrical and
Minkowski space times, respectively.
From the fact that the second term of the right-hand side of the above equation is


















where the integration constant is dened by the condition hT^00i(1) = 0.
Thus to compute of hT^00i(L) it is necessary rst to compute the quantity h0Ljφ^(x, t)
φ^(x0, t0)j0Li. In terms of deformation quantization we have (compare with (4.39))
h0Ljφ^(x, t)φ^(x0, t0)j0Li =
R DQD( P2pih¯)φ(x, t)  φ(x0, t0)ρLW0 [Q, P ]R DQD( P2pih¯)ρLWO [Q, P ] , (5.4)



























After straightforward calculations we get












































































where D is the integration constant which can be computed by the condition limL!1hT^00i(L) =
0. Thus
































































































The formulas (5.10) with (5.15) give the nal result which for standard quantum eld
theory has been obtained by Kay35.
For the massless case (m = 0) we get35,36,38
lim
m!0
hT^00i(L) = − pih6L2 . (5.16)
5.2. Scalar Field on The Mo¨bius Strip
Here we deal with the case of scalar eld on the Mo¨bius strip36,38. Now the quanti-
zation rule gives k = 2pi(n+
1
2 )





















where z = 2pi
L


















































The integration constant can be computed from the condition limL!1hT^00i(L) = 0
and it yields








































Now using the following relation37
1X
n=1































F 0(a2) = −1
2
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− ln pi. (5.25)
For m = 0 we recover the result found by Isham38 (see also Ref. 36)
hT^00i(L) = hpi12L2 . (5.26)
31
6. Final Remarks
In this paper we have generalized some aspects of deformation quantization to non-
interacting eld theory. We were able to show that many well known results of deformation
quantization in quantum mechanics could be extended to the case of quantum eld theory.
This was possible because a free eld can be represented as an innite number of indepen-
dent harmonic oscillators. One can apply the usual deformation quantization formalism to
each oscillator to obtain deformation quantization of the whole theory. Consequently it is
expected that phase space interpretation of quantum eld theory can be also extended to
perturbative eld theory. Some work in this direction has been done by Dito8, but many
problems remain to be investigated. For example the deformation quantization of σ-model
and Chern-Simons gauge theory, which have non-trivial phase spaces. Interesting is if Fe-
dosov’s approach4 can be applied in the later cases. We intend to devote a forthcoming
work to these questions.
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